Integrability of N=6 Chern-Simons Theory at Six Loops and Beyond by Bak, Dongsu et al.
ar
X
iv
:0
91
1.
06
89
v3
  [
he
p-
th]
  6
 M
ar 
20
10
SNUST 091101
UOSTP 09112
Integrability of N = 6 Chern-Simons Theory
at
Six Loops and Beyond
Dongsu Baka, Hyunsoo Mina, Soo-Jong Reyb,c
a) Physics Department, University of Seoul, Seoul 130-743 KOREA
b) School of Physics and Astronomy, Seoul National University, Seoul 151-742 KOREA
c) School of Natural Sciences, Institute for Advanced Study, Princeton NJ 08540 USA
dsbak@uos.ac.kr, hsmin@dirac.uos.ac.kr, sjrey@snu.ac.kr
ABSTRACT
We study issues concerning perturbative integrability of N = 6 Chern-Simons theory at planar
and weak ‘t Hooft coupling regime. By Feynman diagrammatics, we derive so called maximal-
ranged interactions in the quantum dilatation generator, originating from homogeneous and
inhomogeneous diagrams. These diagrams require proper regularization of not only ultraviolet
but also infrared divergences. We first consider standard operator mixing method. We show that
homogeneous diagrams are obtainable by recursive method to all orders. The method, however,
is not easily extendable to inhomogeneous diagrams. We thus consider two-point function
method and study both operator contents and spectrum of the quantum dilatation generator up to
six loop orders. We show that, of two possible classes of operators, only one linear combination
actually contributes. Curiously, this is exactly the same combination as in N = 4 super Yang-
Mills theory. We then study spectrum of anomalous dimension up to six loops. We find that
the spectrum agrees perfectly with the prediction based on quantum integrability. In evaluating
the six loop diagrams, we utilized remarkable integer-relation algorithm (PSLQ) developed by
Ferguson, Baily and Arno.
1 Introduction
The AdS/CFT correspondence[1] continues revealing remarkable relations between gauge and
gravity theories. The most extensively studied so far is the correspondence between the four-
dimensional N = 4 superconformal Yang-Mills theory and the Type IIB superstring theory on
AdS5 × S5[1]. Importantly, both theories admit Lagrangian formulation, which involve two
coupling parameters: the rank N of the gauge group G and the ‘t Hooft coupling constant λ
for the former, and the string coupling gs and the curvature scale R (as measured in string unit)
for the latter. As such, perturbatively, one can compute physical observables in both theories
in double series of the respective parameters and test the correspondence by comparing a given
observable extracted from each sides. In the planar limit, N → ∞ and gs → 0, remarkable
agreement was discovered between the two sides for a variety of observables. The agreement is
largely attributed to the integrability structure[2]-[17].
Recently, a Type IIA counterpart was discovered and added to the list of the AdS/CFT
correspondence. The ABJ(M) theory is (2+1)-dimensional N = 6 superconformal Chern-
Simons theory and was proposed as the holographic dual to the Type IIA superstring theory
on AdS4×CP3[18, 19]. A question of interest is whether the two sides in this Type IIA coun-
terpart also have an integrability structure. Recently, positive indications toward the quantum
integrability were accumulated[20]-[37]. At strong coupling side, Lax pair construction of the
integrability was shown at leading order[20]. At weak coupling side, there were more indica-
tions. At two loops, spin chain Hamiltonian was computed explicitly for the SO(6) subsector
and was shown integrable[21, 22, 25]. See also Ref. [27]. At four loops, spectrum of the spin
chain Hamiltonian was shown to agree with the prediction of the integrability[35, 36].
In this paper, we further continue our previous investigations [22, 25, 35] concerning inte-
grability of the N = 6 Chern-Simons theory in the weak ’t Hooft coupling regime by comput-
ing the dilatation operator to six loops. Given that the integrability is in place up to four loops,
why bother six loops? We contend that there are two important aspects that arise beginning at
six loops and beyond: operator contents and recursive structure of the long-range spin chain.
With these two issues on focus, we shall test the integrability of the N = 6 Chern-Simons
theory at six loop order. As in [35], we shall focus on magnon excitation in the SU(2) sub-
sector, compute operator structure and spectrum of the spin chain Hamiltonian up to six loops
and check them against the prediction based on the integrability and the centrally extended
[psu(2|2)⊕psu(2|2)]⋉R2,1 superalgebra of excitation symmetry.
The off-shell psu(2|2) superalgebra of the excitation symmetry is spanned by the two su(2)
rotation generators Rab, Lαβ, the supersymmetry generator Qαa and the superconformal gener-
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ator Saα. The off-shell configuration is characterized by sl(2,R) central charges C,K,K∗ [15].
Their (anti)commutators are given by [15]
[Rab, J
c] = δcbJa−
1
2
δabJc , [Lαβ, Jγ] = δ
γ
βJ
α− 1
2
δαβ Jγ
{Qαa , Sbβ}= δbaLαβ +δαβ Rba +δbaδαβC
{Qαa , Qβb}= εαβεabK , {Saα, Sbβ}= εαβεabK∗ . (1.1)
The central charges C is related to the energy by E = C, while K,K∗ introduced at off-shell are
related to momentum of the magnon. Acting on a magnon transforming in the fundamental
representation, closure of the superalgebra leads to the relation among the central charges
E2 = C2 =
1
4
+4KK∗. (1.2)
The central charges K,K∗ are in turn related to an excitation momentum P. More generally, a
bound-state of Q elementary magnons transforming in higher-dimensional representations can
be studied. The off-shell analysis was sufficient to determine the dispersion relation. It is
E(P) =
1
2
√
Q2 +16h2(λ)sin2 P
2
, (1.3)
where h(λ) is a function of the ‘t Hooft coupling parameter λ.
Restricting to large N limit and SO(6) sector of the OSp(6|4,R) superconformal symme-
try group, the quantum dilatation operator was computed explicitly at two loops from which
an integrable alternating spin chain Hamiltonian and Bethe ansatz equations were identified
[21, 22, 25]. Aspects of the integrability were explored further beyond two loops by focusing
on diagrams generating maximal-ranged terms. These are the diagrams in which interaction
vertices range over lattice sites of the spin chain Hamiltonian maximally. In [35], we computed
four-loop contribution to these terms and found that the spectrum fits with the prediction based
on the integrability and the excitation symmetry.
At each order in perturbation theory, depending on the range the ‘spin’ flavors at different
sites are permuted, maximal-ranged terms in the dilatation operator are further classifiable into
maximal-shuffling and next-to-maximal-shuffling terms. In N = 4 SYM theory, it was found
by Gross, Mikhailov and Roiban [3] that maximal-shuffling terms are computable recursively.
Inspection of relevant Feynman diagrams indicates that all diagrams contributing to maximal-
shuffling terms are related by a recursion relation and hence resummable to an exact all-order
result. On the other hand, diagrams contributing to nonmaximal-shuffling terms are combinato-
rially too complicated to be resummable. One might anticipate that a similar argument exists for
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the N = 6 ABJ(M) theory since conformal interactions are tightly constrained by large amount
of supersymmetry. Indeed, we shall find that the maximal-shuffling terms in the dilatation oper-
ator originates from the same class of skeleton diagrams which we call homogeneous diagrams.
We were able to perform all-order resummation and show that they match with the structure
of dilatation operator predicted by integrability. The nonmaximal-shuffling terms receive con-
tribution from another class of skeleton diagrams which we call inhomogeneous diagrams. As
these diagrams are not recursively resummable and afflicted with potential infrared divergences,
we need to resort to an alternative approach for direct evaluation. In the second half of work,
we thus adopt two-point function method and compute six-loop contribution to maximal-ranged
interactions from both homogeneous and inhomogeneous diagrams. This method amounts in
dual Type IIA string theory to deriving time evolution Hamiltonian of a single non-interacting
string.
Key results of our work point to the followings. The dilatation operator at six loops are
extractable free of infrared divergences from two-point correlation functions of gauge invariant
operators, which was already utilized in our earlier study at four loops [35]. Moreover, the
maximal-ranged interactions are consistent with the integrability and that, curiously, operator
contents of the long-range spin chain Hamiltonian is identical to those of the N = 4 super
Yang-Mills theory, viz. Inozemtsev spin chain [38, 8].
This paper is organized as follows. We begin with description of the expected spectrum
based on the integrability and prediction for the maximal shuffling coefficients to all orders.
In section 3, we recapitulate all-loop computation of maximal shuffling terms in N = 4 super
Yang-Mills theory, obtained first by Gross, Mikhailov and Roiban in [3]. We then extend the
method to N = 6 Chern-Simons theory and find two classes of diagrams contributing to the
maximal shuffling. The first class of diagrams, homogeneous diagrams, is computable by a
straightforward extension of the method in [3] and yields a result exactly parallel to the N = 4
super Yang-Mills theory. The second class, inhomogeneous diagrams, is not computable by
the method of [3] or variants of it: these diagrams are afflicted with infrared divergences. We
conclude that all-order derivation for the maximal shuffling part of the dilatation operator is not
straightforward in N = 6 Chern-Simons theory. We thus resort to computing operator contents
and spectrum of their anomalous dimensions order by order in perturbation theory. In section 4,
we study 6-loop contribution to the anomalous dimension directly defined by two point correla-
tion functions of operators. In section 5, we identify the matrix structures of the homogeneous
and the inhomogeneous maximal-ranged interactions at 6-loops. In section 6, we compute the
maximal-ranged part of the 6-loop Hamiltonian and confirm the prediction based on the inte-
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grability. We also show that only one particular choice arises among two possible maximal
shuffling operators. This operator is the same as the one arising in the N = 4 super Yang-Mills
theory. In section 7, we extend our results to parity non-conserving N = 6 ABJ theory, whose
gauge group is U(M)×U(N) with N < M < N + k. The last section is devoted to the conclud-
ing remarks. In the appendices, we relegate several technical details. Appendix A illustrate
a comparative calculation of inhomogeneous term in operator-mixing method. Appendix B
presents several lattice operator identities. Appendix C discusses derivation of skeleton 4-loop
diagrams. Appendix D explains implementation of numerical integration and the remarkable
integer relation PSLQ algorithm.
2 Hamiltonian and Spectrum From Integrability
We begin with consequence of the quantum integrability and the off-shell superalgebra to the
spin chain Hamiltonian of a sub-sector of our interest. Consider single-trace bosonic operators
in the N = 6 ABJM theory of the type
Ψ [I1 I2 I3 I4 I5 · · · I2L] = tr[YI1 Y †I2 YI3 Y
†
I4 YI5 · · ·Y
†
I2L ] . (2.1)
Here, 2L is the total number of the sites. We shall take the infinite volume limit L → ∞ and
view a particular ordering of the operator as a lattice spin chain wave function Ψ. Gauge
invariant operators place at odd sites the YI (I,J = 1,2,3,4) elementary scalar fields trans-
forming as 4 under the SU(4) R-symmetry and at even sites the Y †I conjugate fields. Under
the SU(4) ≃ SO(6) R-symmetry, these fields transform as 4 and 4, respectively. We denote
{Y1,Y2,Y3,Y4} as {A1,A2,B†1,B†2} where Aa,Ba˙ (a, a˙ = 1,2) transform under the SU(2)A and
the SU(2)B subgroups of SU(4). We then consider a subset of the operators (2.1), where we
put only Aa / Ba˙ fields at the odd / even sites, respectively. Explicitly, they are the following
restricted set of operators
Ψ [a1 a˙2 a3 a˙4 a5 · · · a˙2L] = tr[Aa1 Ba˙2 Aa3 Ba˙4 Aa5 · · · Ba˙2L ] . (2.2)
Since the only possible interaction between YI and Y †J fields is the contraction δJI group theo-
retically, there cannot be any interaction between 4 and 4 representations acting on the above
type of states. Therefore, for this restricted set of operators, the odd-site chain and even-
site chain are decoupled from each other. Thus, there will be A-type magnon and B-type
magnon propagating independently without any interactions between them. For unrestricted
operators, there are interactions between them, but the above choice avoids unnecessary com-
plexity in investigating the integrability. For the reference vacuum, we take the ferromagnetic
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state |0〉 = Ψ [11111 · · · 1] = tr[A1 B1 A1 B1 A1 · · · B1 ]. In [35], we explained how elementary
excitations above the reference vacuum are organized by the centrally extended [psu(2|2)⊕
psu(2|2)]⋉R2,1 superalgebra. The first psu(2|2) acts on the flavors of the magnons formed
by exciting odd sites of the spin chain, while the second psu(2|2) acts on the magnons at even
sites. The bosonic su(2) subalgebra of psu(2|2) superalgebra corresponds to exciting Y2, Y4 for
the odd sites and Y †2 , Y
†
4 for the even sites. In [35], we carried out careful study of the rep-
resentations of the centrally extended superalgebra for the asymptotic spin chain where 2L is
sent to infinity. The quantum integrability of the dilatation operator implies the factorization
of multi-magnon S-matrices into product of two-magnon S-matrices satisfying the Yang-Baxter
equations 1. For both the ABJM and the ABJ theories, we also showed [22, 25] that dynamics
of the magnons on even sites and on odd sites are governed by two separate transfer matri-
ces τalt(u,γ),τalt(v,−γ) for arbitrary spectral parameters u,v,γ and that, using the Yang-Baxter
equations, they are mutually commuting
[τalt(u,γ),τalt(v,−γ)] = 0, [τalt(u,γ),τalt(v,−γ)] = 0, [τalt(u,γ),τalt(v,−γ)] = 0 . (2.3)
Their moments are
Qn = ∂n−1u lnτalt(u,γ)
∣∣∣
u=0
and Q n = ∂n−1v lnτalt(v,−γ)
∣∣∣
v=0
(n = 1,2, · · ·) (2.4)
of which Q2 +Q 2 is proportional to the dilatation operator. They all depend on the spectral
parameter γ – a nonzero value of γ is an indication that the dilatation operator and all other
higher moments are not invariant under lattice parity transformation. We found in [22, 25]
that γ = 0 not only for the ABJM theory but surprisingly also for the ABJ theory, which is
parity non-conserving. From (2.4), it followed that there are two sets of mutually commuting,
infinitely many conserved charges
[Qm,Qn] = 0, [Q m,Q n] = 0, [Qm,Q n] = 0 . (2.5)
It was argued [37] that these mutually commuting conserved charges are responsible for reflec-
tionless property of the S-matrix elements between a magnon on even sites and a magnon on
odd sites.
Invariance of the S-matrices under the off-shell superalgebra transformations was crucial to
fix the representation as well as the spectrum of elementary magnons. The analysis (recapitu-
lated in the previous section) shows that the dispersion relation of an elementary magnon takes
1The all-loop proposal of the Bethe ansatz and S-matrices of N = 6 ABJM theory was put forward in Ref. [23].
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the form (1.3) with Q = 1 and P is pseudo-momentum of the magnon and h(λ) is an interpo-
lating function of the ’t Hooft coupling λ. In addition, the pseudo-momentum P that specifies
the central charge and the magnon spectrum can also be a function of the lattice momentum
p defined by translation in the spin chain. The functional form of the interpolating function
h(λ) and the pseudo-momentum P(p) are not determinable by the symmetry alone and require
extra inputs of explicit computations either of N = 6 Chern-Simons theory at weak coupling
or of string worldsheet sigma-model at strong coupling. In the previous work [35], we found
that P(p) = p holds up to four-loop order. In this work, we shall assume this as an input and
proceed for computation of six-loops and beyond.
Perturbatively, the interpolating function h2(λ) is expandable as
h2(λ) = λ2
(
1+
∞
∑
ℓ=1
h2ℓ λ2ℓ
)
= λ2
(
1+h2 λ2 +h4 λ4 + · · ·
) (2.6)
where, for the leading term, we use the result of the two-loop computation in [21, 22]. Recently,
in [36], the next coefficient h2 was computed to be h2 = 4ζ(2)−16. Thus, in terms of the lattice
momentum p, the magnon dispersion relation can be expanded as
E(p) =
∞
∑
n=0
λ2n
n
∑
l=0
e2n,2l sin2l
p
2
=
(
1
2
)
+
(
4 sin2 p
2
)
λ2 +
(
4h2 sin2
p
2
−16 sin4 p
2
)
λ4
+
(
e6,2 sin2
p
2
+ e6,4 sin4
p
2
+ e6,6 sin6
p
2
)
λ6 + · · · . (2.7)
Note that e0,0 = 1/2 corresponds to the classical scaling dimension of the elementary scalar
fields Y2,Y4,Y †2 ,Y
†
4 and e2n,0 = 0 (n > 0) is required by one-third of the N = 6 supersymmetry
preserved by the ferromagnetic vacuum state. 2 The two-loop coefficient e2,2 = 4 was found by
explicit computation in [21, 22]. The four-loop coefficient e4,4 = −16 was computed in [35],
while e4,2 = 4h2 was argued in [36].
2In Chern-Simons theory, the choice of regularization method is known to be a subtle issue. Detailed study in
[22, 25] utilized the dimensional reduction and obtained e2,0 = 0 at two loops. This confirms that the dimension re-
duction is a gauge invariant and supersymmetric regulator at least up to two loop order. Whether the corresponding
Ward identities are satisfied at higher loops is an open problem that needs to be checked. All higher loop diagrams
involving gauge and ghost fields are afflicted by the problem but diagrams involving matter fields only are not. Our
previous [35] and the present works deal only with Feynman diagrams of the latter type and hence are free from
this open problem.
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On the other hand the expected spectrum based on the quantum integrability and the off-
shell superalgebra representation theory is expandable as
E(p) =
1
2
√
1+16h2(λ)sin2 p
2
=
1
2
+
(
4sin2 p
2
)
λ2 +
(
4sin2 p
2
)[
h2−4 sin2 p2
]
λ4
+
(
4sin2 p
2
)[
h4−8h2 sin2 p2 +32 sin
4 p
2
]
λ6 + · · · , (2.8)
where we use the expansion for h2(λ) in (2.6). Note that the coefficients e2n,2n are fixed com-
pletely by the dispersion relation:
e2n,2n = (−1)n+1 4n (2n−2)!
(n−1)! n! . (2.9)
It is the coefficient of the term (sin2 p2 )
n = (2− eip− e−ip)n/4n. Therefore, at order λ2n of the
perturbation theory, the coefficient of the eigenvalue e±i pn is uniquely fixed as
C2n =− (2n−2)!
(n−1)! n! . (2.10)
As we shall explain below graphically, e±i pn is the eigenvalue of the maximal-shuffling op-
erator on the spin chain lattice. From this argument, we conclude that the coefficients of the
maximal-shuffling operators are fixed by the assumption of the integrability and the represen-
tation theory of off-shell symmetry superalgebra. In this work, we shall explicitly compute
these coefficients at six loops and compare with (2.10). It constitutes a nontrivial check of the
quantum integrability of N = 6 Chern-Simons theory.
To derive the spectrum, following [35], we use the lattice-momentum eigenstates of elemen-
tary magnon. For the A-spin magnon propagating on the odd-site chain, we have
|p〉A =
L−1
∑
ℓ=0
eiℓp | . . .(2ℓ+1)A2 . . .〉 and |p〉B =
L
∑
ℓ=1
eiℓp | . . .(2ℓ)B2 . . .〉 . (2.11)
Here, | . . .(2ℓ+1)A2 . . .〉 refers that we put A2 at the 2ℓ+1’s site while we put A1 for the remain-
ing odd-sites, and similarly for the even-site chain. Hence, for an elementary magnon state,
we may consider two kinds of states |p〉A⊗|0〉B and |0〉A⊗|p〉B. Below we shall focus on the
odd-site chain as the odd-site and even-site chains behave independently for the above subset of
magnon states we are interested in.
The corresponding integrable Hamiltonian at each order is well known for the above set of
states3. Since the structure of the even chain is identical to the odd chain, it is sufficient to focus
3All order generalization to the full spin chain that takes account of 4−4 interactions would be extremely
interesting.
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on the odd-site chain only. The zeroth order spin chain Hamiltonian counts the classical scaling
dimension of the spins:
H0 =
1
2
L
∑
l=0
I . (2.12)
The two loop part of the Hamiltonian is given by [21, 22]
H2 = 4
L−1
∑
ℓ=0
O
2ℓ
2,2 where O2ℓ2,2 =
1
4
[I−P2ℓ+1,2ℓ+3 ] (2.13)
and P is the permutation operator defined by Pcdab = δda δcb. We shall take the infinite volume limit,
L → ∞, and do not consider wrapping interactions. The corresponding 4-loop Hamiltonian can
be identified as
H4 = e4,2
L−1
∑
ℓ=0
O
2ℓ
2,2 + e4,4
L−1
∑
ℓ=0
O
2ℓ
4,4 where O2ℓ4,4 =
1
16
[
4(I−P2ℓ+1,2ℓ+3)− (I−P2ℓ+1,2ℓ+5)
]
.
This parallels the analysis of the N = 4 super Yang-Mills theory [4, 7, 9]. The 6-loop Hamilto-
nian can also be identified as
H6 = e6,2
L−1
∑
ℓ=0
O
2ℓ
2,2 + e6,4
L−1
∑
ℓ=0
O
2ℓ
4,4 + e6,6
L−1
∑
ℓ=0
[
(1−κ6)O2ℓ6,6 +κ6 O˜2ℓ6,6
]
. (2.14)
Here, κ6 is an arbitrary coefficient. We thus see that a new feature arises beginning at six loop
order. Up to four loops, candidate spin chain operators consistent with the quantum integrability
are uniquely fixed. At 6-loops, operators consistent with the integrability are no longer unique:
there are two commuting, mutually independent operators
O
2ℓ
6,6 =
1
64
[
P2ℓ+1,2ℓ+5P2ℓ+3,2ℓ+7−P2ℓ+1,2ℓ+7P2ℓ+3,2ℓ+5
+ 4P2ℓ+1,2ℓ+5−14P2ℓ+1,2ℓ+3 +10 I
]
,
O˜
2ℓ
6,6 =
1
64
[
(I−P2ℓ+1,2ℓ+7)−6(I−P2ℓ+1,2ℓ+5)+15(I−P2ℓ+1,2ℓ+3)
]
. (2.15)
Notice that these operator contents are identifiable with the Inozemtsev spin chain system [38,
8]. Acting on the momentum eigenstate |p〉A in (2.11), these operators are diagonalized with
the same eigenvalue
L−1
∑
ℓ=0
O
2ℓ
2n,2n |p〉A =
L−1
∑
ℓ=0
O˜
2ℓ
2n,2n |p〉A = sin2n
p
2
|p〉A . (2.16)
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So, the operator content of the six-loop Hamiltonian is not determinable uniquely by probing
a single magnon dispersion relation. On the other hand, the operators O6,6 and O˜6,6 are dis-
tinguishable by acting on a state containing two or more magnon excitations. Note that both
of them include the maximal-shuffling operators that produce the eigenvalues e±inp. From the
purely integrability point of view of the long-ranged Heisenberg spin chain, both operators are
allowed and fit perfectly. Below, we shall approach this issue by computing relevant Feynman
diagrams explicitly. We then determine the coefficient κ6 and, from it, the operator contents of
the spin chain Hamiltonian.
3 Recursive Method for Maximal-Ranged Interactions
We begin in this section with a recursive method, first put forward by Gross, Mikhailov and
Roiban [3], of extracting maximal-shuffling terms among maximal-ranged interactions. We
first redo the computation in N = 4 super Yang-Mills theory and then repeat the computation
in N = 6 Chern-Simons theory.
Of maximal-ranged interactions, we are particularly interested in the coefficients C2n of the
maximal shuffling operators — they will provide a direct test of the integrability. In N = 4
super Yang-Mills theory, Feynman diagrams contributing to maximal-shuffling term are easily
identifiable. As will be briefly reviewed below, at each order in perturbation theory, there is only
one type diagram contributing to maximal-shuffling term. We refer to it as homogeneous dia-
gram. For example, at 3-loop order, this maximal-shuffling term is responsible for the operator
O6,6. There are also non-maximal-shuffling terms generated from maximal-ranged diagrams.
For N = 6 Chern-Simons theory, despite different interaction structures, we find a strik-
ingly similar pattern repeated. Among the maximal-ranged interactions, maximal-shuffling
term arises from homogeneous diagram. It turns out this diagram gives rise to the operator
O6,6, as in the situation of the N = 6 super Yang-Mills theory. We shall further confirm the
coefficients C2n of the maximal shuffling terms. Among the maximal-ranged interactions, there
are also inhomogeneous diagrams that give rise to nonmaximal-shuffled terms. At six-loop or-
der, for instance, these diagrams are responsible for the operator κ6 [O˜6,6 −O6,6 ]. However,
by a direct computation, we shall find the coefficient κ6 vanishes identically. This is interesting
since, a priori, this operator could be generated given that interactions in the N = 6 Chern-
Simons theory are different from those in the N = 4 super Yang-Mills theory, this operator
could be generated.
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3.1 N = 4 super Yang-Mills theory
We first rederive the all-loop, maximal ranged interactions in N = 4 super Yang-Mills theory
obtained by Gross, Mikhailov and Roiban [3], emphasizing aspects directly relevant for similar
considerations in N = 6 Chern-Simons theory.
Z                                                     Z
X                                                     Z
Z                                                     Z
Z                                                     Z
Z                                                     Z
Z                                                     Z
Z                                                     Z
Z                                                     X
Z                                                     Z
Figure 1: Homogeneous diagram in maximal-ranged interactions in N = 4 super Yang-Mills theory. It
generate maximal-shuffling term in the dilatation operator.
Consider in the N = 4 super-Yang-Mills theory renormalization of composite operators.
Introduce in the theory the dimensional regularization parameter ε, d = 4− 2ε of ultraviolet
divergences. To avoid infrared divergences, a set of external momenta q are also injected to the
operator. Denote by Ibare(ε,q) a collection of regularized Feynman diagrams that contribute to
the renormalization of composite operators of the type (2.1). Omitting wave function renormal-
ization part proportional to the identity part, multiplicative renormalizability of the operators
asserts that
Iren(q) = exp
[ 1
2ε
∫ 1
0
dt
t
(
H4(λt)−1
) ]
Ibare(ε,q) (3.1)
ought to be finite in the limit where ε goes to zero. The generator H4(λ) is the quantum dilatation
operator generating renormalzation group transformation and its eigenvalue corresponds to the
magnon dispersion relation in the spin chain interpretation. In perturbation theory,
Ibare(ε,q) = 1+
∞
∑
ℓ=1
I(ℓ)bare(ε,q) . (3.2)
From the ε-independence of Iren(k), we get the relation
∫ 1
0
dt
t
(
H4(λt)−1
)
=− lim
ε→0
2ε ln Ibare(ε,q) , (3.3)
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for the operators which do not include the identity part. In planar N = 4 super Yang-Mills
theory, the maximal-ranged interactions are generated only by quartic scalar interactions. Ho-
mogeneous diagrams among them are depicted in Fig. 1. To avoid infrared divergences, we
inject a finite momentum q to the X field from the right in Fig. 1. It suffices to keep zero mo-
mentum for all other Z fields. The ℓ-loop contribution to the maximal shuffling diagrams can
be evaluated recursively from the (ℓ−1)-loop contribution [3]:
I(ℓ)bare(ε,q) =
(
4pi
q2
)ℓε 1
εℓ ℓ!
[ Γ(1− ε) ]ℓ+1 Γ(1+ ℓε)
Γ(2− (ℓ+1)ε) ∏ℓj=2 (1− j ε)
aˆℓ , (3.4)
where aˆ denotes λ (eip + e−ip−2)/(16pi2) and p denotes the lattice momentum such that e±ip
generates shift one lattice site to the left or right in the spin chain. From the integrability, we
expect the Hamiltonian to be
H4(λ, p) =
√
1−4 aˆ =
√
1− λ
4pi2
(eip + e−ip−2) . (3.5)
One can check finiteness of the renormalized diagrams Iren(q) in (3.1) order by order in
λ. For instance, we checked this explicitly to the order O(λ5) using the Mathematica and
found that the renormalized diagrams to this order are indeed finite, canceling all ε−n (n >
0) singular terms. As was done in [3], we now show asymptotically that the singular terms
of the regularized amplitude Ibare(ε) are canceled by the expected Hamiltonian (3.5) in the
renormalization factor
exp
[ 1
2ε
∫ 1
0
dt
t
(
√
1−4 aˆ t−1)
]
= exp
[ 1
ε
(√
1−4aˆ−1+ ln 2
1+
√
1−4aˆ
) ]
(3.6)
in the limit ε goes to zero. To show this, we take ε→ 0 while holding x := ℓε finite and sum the
all-loop contribution by the Euler-McLaughlin formula:
Ibare(ε,q) =
∞
∑
ℓ=0
I(ℓ)bare(ε,q)
≃ 1√
ε
∫
∞
0
dx f4(x,q)exp
[ 1
ε
(
x( ln aˆ− ln x +2)+(1− x) ln(1− x)
)]
. (3.7)
We have relegated all sub-leading remainder to f4(x,q):
f4(x,q) := 1√
x
e−ψ(1)x
(
4pi
q2
)x Γ(1+ x)
Γ(2− x) , (3.8)
where ψ(z) is the poly-gamma function. The integral can be evaluated by the saddle-point
approximation. At the saddle-point
x0 =
1
2
(1−√1−4aˆ) , (3.9)
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the integral is evaluated as
Ibare(ε,q) = exp
[
− 1
ε
(√
1−4 aˆ−1+ ln 2
1+
√
1−4 aˆ
)
+R4(q)
]
. (3.10)
The ε−1 pole term is precisely inverse of the renormalization factor (3.6) dictated by the inte-
grability. As it should be, the renormalization factor is independent of the infrared regularizing
momentum q – the dependence resides in the finite remainder function R4(q).
Figure 2: Inhomogeneous diagram in maximal-ranged interactions in N = 4 super Yang-Mills theory.
It generate nonmaximal-shuffling term in the dilatation operator. The circles mark presence of vertices
none of whose legs are connected to the operator.
Among the maximal-ranged interactions, there are also inhomogeneous diagrams. At four-
loop order, they were studied in [34]. These diagrams are distinguished from homogeneous
diagrams that some of the scalar quartic vertices do not connect to the operator at all. They are
responsible for generating nonmaximal-shuffling terms in the dilatation operator. One can con-
vince that these diagrams proliferate rapidly at higher orders in perturbation theory and, even
worse, do not show any recursive pattern. Therefore, their contribution needs to be computed
individually. In section 6, adopting two-point function method, we will find that the inhomoge-
neous diagrams can be computed without ambiguity.
3.2 N = 6 Chern-Simons theory
We now extend the recursive method to N = 6 Chern-Simons theory. One easily see that rele-
vant Feynman diagrams are classifiable again into homogeneous and inhomogeneous diagrams.
The homogeneous diagrams are planar irreducible diagrams all of whose interaction vertices
are connected to the operator by two internal lines. The inhomogeneous diagrams: planar ir-
reducible diagrams some of whose interaction vertices are connected to the operator by one
internal line or not connected to the operator at all.
Here, we first consider the homogeneous diagrams as they are easier to evaluate. The ho-
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Figure 3: ‘homogeneous’ maximal shuffling diagrams
mogeneous diagrams include all maximal shuffling terms. let us first state the expected scaling
of operators via the anomalous dimension.
Here, as explained in detail in [22, 25], we adopt dimension reduction 2ω = 3− ε for regu-
larizing ultraviolet divergences in Feynman diagrams. To avoid infrared divergences, we again
inject momenta q to the composite operator. Multiplicative renormalizability of composite op-
erator asserts that
Iren(q) = exp
[ 1
2ε
∫ 1
0
dt
t
(
H3(λ2t)− 12
) ]
Ibare(ε,q) (3.11)
is independent of the regulator ε. Recall that, in N = 6 Chern-Simons theory, ultraviolet diver-
gences arise only at even loops. So, in perturbation theory,
Ibare(ε,q) = 1+
∞
∑
ℓ=1
I
(2ℓ)
bare (ε,q) , (3.12)
where I 2ℓbare(ε,q) denotes the 2ℓ-loop regularized diagrams of order O(λ2ℓ). From ε-independence
of Iren(q), we get the relation
∫ 1
0
dt
t
(
H3(λ2 t)− 12
)
=− lim
ε→0
2ε ln Ibare(ε,q) (3.13)
for the operators which do not include the identity part.
As we explained in the previous section, from the integrability, we expect that the Hamilto-
nian for the maximal shuffling term is given by
H3(λ2) =
1
2
√
1−4 ˆb . (3.14)
Here, ˆb = λ2 (eip + e−ip − 2) and e±ip should now be interpreted as a left/right shift opera-
tor by one lattice spacing on even- or odd-sites of the alternating spin chain. Therefore, the
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integrability asserts that the renormalization factor is given by
exp
[ 1
2ε
∫ 1
0
dt
t
(
1
2
√
1−4 ˆbt− 1
2
)
]
= exp
[ 1
2ε
(√
1−4ˆb−1+ ln 2
1+
√
1−4ˆb
) ]
. (3.15)
To check if ultraviolet divergence of the bare diagrams Ibare(ε,q) is inverse of (3.15), we
now evaluate the homogeneous diagrams. At elementary 2ℓ+2-loops, from Fig. 2, we see that
the diagram can be evaluated using ℓ many skeleton propagators defined by 1-bubble diagram:
L2(k) =
C2
(k2)2−ω where C2 =
Γ2(ω−1)Γ(2−ω)
(4pi)ωΓ(2ω−2) , (3.16)
one skeleton propagator defined by 2-bubble diagram:
L3(k) =
C3
(k2)3−2ω where C3 =
Γ3(ω−1)Γ(3−2ω)
(4pi)2ωΓ(3ω−3) (3.17)
and using recursively the skeleton 1-loop integral:
G(a,b) := (4pi)ω(p2)a+b−ω
∫ d2ωk
(2pi)2ω
1
(k2)a((k+ p)2)b
=
Γ(a+b−ω)
Γ(a)Γ(b)
Γ(ω−a)Γ(ω−b)
Γ(2ω−a−b) . (3.18)
Denote by Aℓ the coefficient that skeleton ℓ-loop contributes to the permutationP in the maximal-
shuffling term O = 2I−4P in the dilatation operator. Label n-th loop momenta by kn and inject
an external momentum q at the last skeleton vertex to regulate the loop integrals. At other
vertices, there is no need to inject external momenta. Taking vertex and symmetry factors into
account, the skeleton 0-loop (which is actually elementary 2-loop) contribution reads
A0(q) = (−(2pi)2) · (−4) C3
(q2)3−2ω
. (3.19)
The skeleton 1-loop (which is actually elementary 4-loop) contribution reads
A1(q) = (−(2pi)2)(−4)
∫ d2ωk1
(2pi)2ω
A0(k1)
1
k21
C2
((k1−q)2)2−ω
= (−(2pi)2)2(−4)2G(4−2ω,2−ω) C2C3
(4pi)ω(q2)2(3−2ω)
. (3.20)
The skeleton 2-loop (which is actually elementary 6-loop) contribution reads
A2(q) = (−(2pi)2)(−4)
∫ d2ωk2
(2pi)2ω
A1(k2)
1
k22
C2
((k2−q)2)2−ω
= (4pi)6 G(4−2ω,2−ω)G(7−4ω,2−ω) C
2
2C3
(4pi)2ω(q2)3(3−2ω)
. (3.21)
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Recursive pattern is evident. The skeleton ℓ-th loop (note that this is actually elementary 2ℓ+2-
loop) contribution reads
Aℓ(q) =
ℓ
∏
n=1
G(1+n(3−2ω),2−ω) · (4pi)
2ℓ+2 Cℓ2C3
(4pi)ℓω(q2)(ℓ+1)(3−2ω)
. (3.22)
Multiplying ˆbℓ+1 to Aℓ, we find the regularized 2ℓ-loop amplitude has the expression
I
(2ℓ)
bare (ε,q) =
(
4pi
q2
)ℓε 1
εℓ ℓ!
[
Γ(12 − ε2)
]2ℓ+1 Γ(1+ ℓε)
Γ(12 − 2ℓ+12 ε) ∏ℓj=1 (12 − 2 j+12 ε)
[
ˆb
4pi
]ℓ
. (3.23)
Using Mathematica, we checked up to 10-loop orders that the renormalized diagram Iren(q) in
(3.11) with the H3 dictated by the integrability is indeed finite in the limit where ε goes to zero.
As in the N = 4 super Yang-Mills theory, we can estimate the asymptotic behavior of the
bare diagram Ibare(ε,q) in the limit ℓ→ ∞, ε → 0 while holding x := ℓε constant. By the Euler-
McLaughlin formula, we have
Ibare(ε,q)≃ 1√
ε
∫
∞
0
dx f3(x,q)exp
[ 1
2ε
(
2x( ln ˆb− ln 2x +2)+(1−2x) ln(1−2x)
)]
,(3.24)
where f3(x) denotes a sub-dominant remainder
f3(x,q) = 1√2x e
− ψ( 12)x
(
4pi
q2
)x Γ(1+ x)
Γ(12 − x)
. (3.25)
We evaluate the integral by the saddle-point approximation. At the saddle point:
x0 =
1
4
(1−
√
1−4ˆb) , (3.26)
the integral is given by
Ibare(ε,q) = exp
[
− 1
2ε
(√
1−4 ˆb−1+ ln 2
1+
√
1−4 ˆb
)
+R3(q)
]
. (3.27)
We see that the ε−1 pole term is precisely the inverse of the renormalization factor in (3.15). It
is remarkable that this all-loop agreement between the homogeneous diagrams and the integra-
bility is closely parallel to the situation in the N = 4 super Yang-Mills theory. Because of this,
in the next section, we adopt the two-point function method for deriving quantum dilatation
operator.
We also need to take account of inhomogeneous diagrams. It is easy to see that this class
of diagrams does not include the maximal-shuffling terms. Nevertheless, the interaction range
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Figure 4: ‘inhomogeneous’ maximal ranged diagrams
is still maximal, viz. maximal-ranged, at a given order in perturbation theory, as illustrated in
Fig. 4. In so far as one just focuses on maximal-shuffling part the spectrum, the homogeneous
diagrams are sufficient. If one would like to identify operator contents of the spin chain Hamil-
tonian, however, it is indispensable and crucial to take account of the inhomogeneous diagrams.
For instance, at 6-loop order, the inhomogeneous diagrams are responsible for the coefficient
κ6 of the operator Oin6,6 = [O˜6,6−O6,6 ].
One would like to see if all-loop contribution of the inhomogeneous diagrams is also ob-
tainable from the recursive method, much as for the homogeneous diagrams. Here, as in N = 4
super Yang-Mills theory, the relevant diagrams proliferate rapidly at each higher order in per-
turbation theory and do not exhibit recursive pattern in any obvious way.
4 Anomalous dimension matrix
From now, as in the previous works [22, 25, 35], we shall extract the anomalous dimension
matrix of the single-trace operators O of the type (2.1) from two-point correlation functions:
〈:O(x) : :O(0) :〉ε = C
2L
ε
(x2)
1−ε
2 ·2L (x2)γ(ε)
. (4.1)
From the dual Type IIA string theory viewpoint, this method amounts to deriving time-evolution
Hamiltonian of a single non-interacting string propagating in AdS4×CP3 spacetime. We use
the dimensional reduction to regularize ultraviolet divergences. The two-point correlation func-
tions are related to Feynman loop diagrams A2ℓ by
〈:O(x) : :O(0) :〉ε = (Iε)2L e−γε ln(x2 Λ2(ε))
= (Iε)2L exp [ ln(1+A2λ2 +A4λ4 +A6λ6 · · ·) ] , (4.2)
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where Iε denote the Euclidean scalar propagator in the position space
Iε =
∫ d2ω p
(2pi)2ω
1
p2
eip·x =
Γ(ω−1)
4piω
1
(x2)ω−1
. (4.3)
Here we consider all Feynman diagrams, connected or not, contributing to a given order
of λ2ℓ. As the definition of the anomalous dimension matrix takes the logarithm, it suffices
to compute connected diagrams only. The anomalous dimension matrix is then extractable as
coefficient of ln(x2) in the exponent. Up to 6-loop orders, the spin chain Hamiltonians H2ℓ
classified in section 2 are given by
H2 =− lim
ε→0
ε A2
H4 =− lim
ε→0
2ε
[
A4− 12A
2
2
]
H6 =− lim
ε→0
3ε
[
A6− 12(A2A4 +A4A2)+
1
3A
3
2
]
. (4.4)
Note the extra factor n multiplied. It arises combinatorially from extracting coefficients of ln x2
from the 2ℓ-loop contribution ( ln A)2ℓ,
( ln A)2ℓ =
[
c2ℓ ε
−1 +O(ε0)
]
(x2)ℓε =
[
c2ℓ ε
−1 +O(ε0)
][
1+ ℓε lnx2 +O(ε2)
]
. (4.5)
At 2ℓ-loop order, we have
H2ℓ =−ℓ lim
ε→0
ε (ln A)2ℓ . (4.6)
Summing over all loops,
H(λ2) = 1
2
+
∞
∑
ℓ=1
λ2ℓ H2ℓ and A(ε) = 1+
∞
∑
ℓ=1
λ2ℓ A2ℓ(ε) (4.7)
and we have
∫ 1
0
dt
t
(
H(λ2 t)− 1
2
)
=− lim
ε→0
ε ln A(ε) =− lim
ε→0
2ε ln Ibare(ε). (4.8)
Thus, starting from a different prescription, we have arrived at the same definition of the dilata-
tion operator as (3.13). Here, the last equality followed from the fact that the A(ε) is defined in
terms of the two-point correlation function 〈 :O(x) : :O(0) :〉, so is square of the Ibare(ε) (equiv-
alently, the lnA(ε) is twice of the ln Ibare(ε) connected diagrams) we considered in subsections
3.2 and 3.3.
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Multiplicative renormalizability of the composite operators asserts that all ε−n,(n ≥ 2) sin-
gularities must cancel each other. We shall use such cancellations as a checkpoint of our com-
putations. In A2, the contribution starts from ε−1 power and H2 is automatically finite. In A4,
leading singularity starts from ε−2 power. The coefficient of this singularity in (lnA)4 should
vanish and the coefficient of order ε−1 leads to H4. In A6, there are in general singularities of
ε−3 and ε−2 powers. The coefficients of them in (lnA)6 vanish and the coefficient of order ε−1
leads to H6. As discussed in Section 2, beginning at 6-loop orders, several independent spin
chain operators can appear in H. The cancelation of higher-order singularities must then take
place for the coefficients of each independent operators. At 6-loops, this will provide an addi-
tional stringent consistency check of our earlier 4-loop results [35] on whether computation of
A4 was correct and identification of spin chain operators was complete.
Figure 5: 6-loop homogeneous diagram involving maximal shuffling terms
Figure 6: adjoint of the above homogeneous diagram
5 Operator Contents of 6-Loop Dilatation Operator
We asserted earlier that, beginning at 6-loop order, the dilatation operator becomes complicated
because there arise two types of maximally ranged interactions. In this section, we shall explain
this in detail by analyzing operator contents of the 6-loop dilatation operator, focusing on the
maximally ranged diagrams involving seven lattice sites.
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Figure 7: 6 loop inhomogeneous diagram whose interactions are maximal-ranged
Figure 8: adjoint of the above inhomogeneous diagram
The first type of spin chain operator arises from the homogeneous diagrams and they give
rise to the maximal shuffling terms. The diagrams in Figs. 5 and 6 belong to this category. The
sextet interaction vertices are combined as in Figs. 5 and 6. The second type arises from the
inhomogeneous diagrams. They are still maximally ranged but do not generate the maximal
shuffling terms. Figs. 7 and 8 depict the inhomogeneous maximal ranged diagram at 6-loop
order.
Their operator contents can be constructed from the basic building structure arising from
the 2-loop sextet scalar vertices:
O
ℓ
123 = 2I−Kℓ+1, ℓ+2−Kℓ+2, ℓ+3 +2Pℓ+1, ℓ+3Kℓ+1, ℓ+2
+ 2Pℓ+1, ℓ+3Kℓ+2, ℓ+3−4Pℓ+1, ℓ+3 , (5.1)
where Ka′b′ab = δab δa
′b′ is the 4−4 covariant contraction operator. Here ℓ could be even or odd
but, as mentioned before, we focus on the odd chain where ℓ is even. Acting this operator on the
set of states in (2.2), all the terms involving the contraction operators drop out and the operator
is reduced to
O
ℓ
123 = 2I−4Pℓ+1, ℓ+3 . (5.2)
Below we shall present this reduced part only and omit all the contraction type operators. The
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operator structure of the diagram in Fig. 5 is then
O
ℓ
123 O
ℓ
345 O
ℓ
567 = 23 (I−2Pℓ+1, ℓ+3)(I−2Pℓ+3, ℓ+5)(I−2Pℓ+5, ℓ+7) . (5.3)
Similarly, the operator structure of Fig. 6 becomes
O
ℓ
567 O
ℓ
345 O
ℓ
123 = 23 (I−2Pℓ+5, ℓ+7)(I−2Pℓ+3, ℓ+5)(I−2Pℓ+1, ℓ+3) . (5.4)
The numerical parts of these Feynman diagrams are the same. So, adding the two contributions,
we obtain the spin chain operator
O
ℓ
1∼7 =O
ℓ
123O
ℓ
345O
ℓ
567 +O
ℓ
567O
ℓ
345O
ℓ
123 . (5.5)
One can show that this operator is related to the Oℓ6,6 by
∑
ℓ
O
ℓ
1∼7 = 64 ∑
ℓ
[
64Oℓ6,6−80Oℓ4,4 +22Oℓ2,2−
1
4
I
]
. (5.6)
The details of the derivation is relegated to appendix B. We focus on the maximally ranged
interaction part only, and omit interactions of lower range given by e6,2O2,2 and e6,4O4,4. Thus,
we conclude that the operator content of the homogeneous diagram is given by
O
ℓ
1∼7 = 46 Oℓ6,6 + · · · (5.7)
where the ellipses denote the interactions of lower range.
The operator structure of the diagram in Fig. 7 is identified as
O
ℓ
567 O
ℓ
123 O
ℓ
345 = 23 (I−2Pℓ+5, ℓ+7)(I−2Pℓ+1, ℓ+3)(I−2Pℓ+3, ℓ+5) , (5.8)
and that of the diagram in Fig. 8 as
O
ℓ
345 O
ℓ
123 O
ℓ
567 = 23 (I−2Pℓ+3, ℓ+5)(I−2Pℓ+1, ℓ+3)(I−2Pℓ+5, ℓ+7) . (5.9)
Notice that the order the basic unit operators are multiplied is different from that in the ho-
mogeneous diagrams. Again, the numerical parts of these Feynman diagrams are the same.
Combining them together, we obtain
˜O
ℓ
1∼7 =O
ℓ
567O
ℓ
123O
ℓ
345 +O
ℓ
345O
ℓ
123O
ℓ
567 . (5.10)
In appendix B, we show that
O˜
ℓ
1∼7 = −Oℓ1∼7− 64Pℓ+1, ℓ+7 +32I
= −Oℓ1∼7 + 64
[
64O˜ℓ6,6−96Oℓ4,4 +36Oℓ2,2−
1
2
I
]
. (5.11)
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Hence, we have
O˜
ℓ
1∼7 = 46 [−Oℓ6,6 + ˜Oℓ6,6 ]+ · · · (5.12)
where ellipses denotes the interactions of shorter range given by e6,2O2,2 and e6,4O4,4.
For completeness, we review the operator structures arising in the 4-loop maximally ranged
interactions. For the 4-loop order, only diagrams of homogeneous type are present. These Feyn-
man diagrams are depicted in Fig. 9 and Fig. 10. The numerical parts of the 4-loop amplitudes
in Figs. 9 and 10 are the same. Combining them, we have the spin chain operator
O
ℓ
1∼5 =O
ℓ
123O
ℓ
345 +O
ℓ
345O
ℓ
123
= 16
[ 1
2
I−Pℓ+1, ℓ+3−Pℓ+3, ℓ+5 +Pℓ+1, ℓ+3Pℓ+3, ℓ+5 +Pℓ+3, ℓ+5Pℓ+1, ℓ+3
]
. (5.13)
This can be rewritten as
O
ℓ
1∼5 = 16Pℓ+1, ℓ+5−8I , (5.14)
where we again omit the contraction type operators. Here, we used the identity
εI a1a3a5 εI b1b3b5 = I+P13 P35 +P35 P13−P13−P35−P15 = 0 , (5.15)
taking account of the fact that aℓ and bℓ are running over only {1,2}.
Figure 9: 4-loop homogeneous diagram involving maximal shuffling terms
Figure 10: adjoint of the above 4-loop homogeneous diagram
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6 Computation in the 6-Loop Dilatation Operator
In this section, we shall compute maximal-ranged interactions in the 6-loop dilatation operator
(4.4) and extract the coefficients e6,6 and κ6. As explained in the previous section, it suffices to
compute the 6-loop maximally ranged operators, O6,6 and ˜O6,6 .
The first contribution to the maximal-range interactions arise from the A32 part. The relevant
2-loop amplitude in Fig. 11 is organized as follows:
A2 = a2(ε) (x2pi)3−2ω
[
· · ·+Oℓ123 +Oℓ345 +Oℓ567 + · · ·
]
. (6.1)
In Ref. [35], the numerical coefficient a2(ε) was obtained as
a2(ε) =− [Γ(ω−1) ]
3[Γ(3−2ω)]2Γ(5ω−6)
16pi [Γ(3ω−3)]2 Γ(6−4ω)
=− 1
4ε
[
1+
(
1−ψ( 12)
)
ε+
1
24
(
11pi2 +12ψ2( 12)−24ψ( 12)−72
)
ε2 +O(ε3)
]
, (6.2)
where the poly-gamma functions take the value ψ( 12) =−C−2ln2 and ψ(1) =−C with C (=
0.577215 · · ·) being the Euler’s constant. From this, we extract contribution of the A32 to the
relevant maximal-ranged interactions as
A32 = (a2(ε))
3 (x2pi)9−6ω
[
· · ·+Oℓ1∼7 +2 ˜Oℓ1∼7 + · · ·
]
, (6.3)
where we already omit all disconnected contributions.
Figure 11: 2-loop diagram involving three sites
The (A2 A4 +A4 A2 ) part is another contribution to the maximal ranged interactions. The
relevant 4-loop contribution to the maximal-ranged interactions has the structure
A4 = (x2pi)6−4ω
[
· · ·+a4(ε) [Oℓ1∼5 + ˜Oℓ3∼7 ]+a22(ε)Oℓ123 Oℓ567 + · · ·
]
. (6.4)
This along with (6.1) gives rise to six loop maximal-ranged interactions through (A2 A4 +
A4 A2 ). We find
A2 A4 +A4 A2 = (x2pi)9−6ω
[
· · ·+2a2(ε)a4(ε) [Oℓ1∼7 + ˜Oℓ1∼7 ]+a32(ε) ˜Oℓ1∼7 + · · ·
]
. (6.5)
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Lastly, as discussed before, the relevant maximal-range interactions in A6 are given by
A6 = (x2pi)9−6ω
[
· · ·+a6(ε)Oℓ1∼7 + a˜6(ε) ˜Oℓ1∼7 + · · ·
]
. (6.6)
Using (4.4), we found that the coefficients of the maximal-ranged operators in (lnA)6 has the
structure
(lnA)6 =
[
a6(ε)−a2(ε)a4(ε)+ 13a
3
2(ε)
]
O1∼7
+
[
a˜6(ε)−a2(ε)a4(ε)+ 16a
3
2(ε)
]
˜O1∼7 + · · · . (6.7)
The 4-loop coefficient a4(ε) was determined in [35]
a4(ε) = J1(ε) · [Γ(ω−1)]
5
44pi2
[
Γ(2−ω)Γ(3−2ω)
Γ(2ω−2)Γ(3ω−3)
]2
· Γ(9ω−11)
Γ(11−8ω) . (6.8)
The integral J1(ε) is introduced by the following skeleton 2-loop integral K5:
K5(w1,w2,w3,w4,w5) = (4pi)2ω (p2)−2ω+∑
5
k=1 wk
∫ d2ωk
(2pi)2ω
d2ωl
(2pi)2ω
1
(k2)w1(l2)w2
⊗ 1
[(l− p)2]w3 [(k− p)2]w4[(k− l)2]w5 . (6.9)
The corresponding skeleton 2-loop integral is depicted in Fig. 12. As we evaluate the two-point
correlation functions in the x space, we first evaluate the skeleton graph with nonvanishing
momentum injected from the left to the right and then Fourier transform it back to the x-space.
See Ref. [35] for the details of the method. The integral J1(ε) evaluated from the skeleton 2-loop
pp
Figure 12: The left is a skeleton 2-loop diagram used to evaluate A4. The skeleton 4-loop diagram on
the right is for A6. We inject a momentum p following the arrows in each diagram.
integral K5:
J1(ε)≡ K5(2−ω,3−2ω,2−ω,3−2ω, 1 ) . (6.10)
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This integral is already nontrivial and does not allow analytic evaluation. Here we evaluated it
numerically by using a Mathematica package. We took the strategy of expanding the integral
J1(ε) in powers of ε and determine term by term. The result is
J1(ε)≡
α−1J1
ε
[
1+α0J1ε+α
1
J1ε
2 + · · ·
]
=− 23pi ε
[
1+
(
13+ψ( 12)
)
ε+
(
488− 17
2
pi2 +52ψ( 12)+2ψ2( 12)
)ε2
4
+ · · ·
]
. (6.11)
We computed the leading coefficient α−1J1 numerically and matched to the above rational value.
This is the value required for the multiplicative renormalizability of composite operator at four
loops. The second coefficient is the one relevant for the 4-loop amplitude α0J1 . Here, we checked
this against the requirement of the multiplicative renormalizability at six loops. We computed
the last coefficient α1J1 numerically up to 30 significant digits. We match this number as a linear
combination of 1 and transcendental numbers pi2, ψ( 12), ψ2( 12) with the requirement that the
coefficients are rational numbers. This is highly nontrivial to check. However, utilizing the
remarkable algorithm PSLQ discovered recently by Ferguson, Baily and Arno, we determined
the combination in (6.11) as the unique solution. The details are explained in appendix D. Using
this, we found that a4(ε) has the series expansion
a4(ε) =
1
32ε2
[
1+
(
3−2ψ( 12)
)
ε+
(
−2+ 11
12
pi2 +2ψ2( 12)−6ψ( 12)
)
ε2 + · · ·
]
. (6.12)
We now turn to the 6-loop coefficients a6(ε) and a˜6(ε). Consider first the coefficients arising
from the diagrams in Figs. 5 and 6. One can easily verify that these two coefficients are the
same. As explained in appendix C, we find
a6(ε) =−J4(ε)46pi3
[Γ(ω−1) ]7 [Γ(2−ω) ]4 [Γ(3−2ω) ]2 Γ(13ω−16)
[Γ(2ω−2) ]4 [Γ(3ω−3) ]2 Γ(16−12ω) . (6.13)
The Feynman integral can be reduced analytically to the function J4(ε). Consider the skeleton
4-loop integral defined by
K8(w1 · · ·w8) ≡ (4pi)4ω (p2)−4ω+∑8k=1 wk
∫ d2ωk1
(2pi)2ω
d2ωk2
(2pi)2ω
d2ωk3
(2pi)2ω
d2ωk4
(2pi)2ω
⊗ 1
(k21)w1 (k22)w2 (k23)w3 (k24)w4 [ (k1 + k2− p)2]w5
⊗ 1
[ (k3 + k4− p)2]w6 [ (k1− k3)2]w7 [ (k2− k4)2]w8 (6.14)
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Then the function J4(ε) is given by
J4(ε) = K8(2−ω,3−2ω,3−2ω,2−ω,2−ω,2−ω, 1 , 1 ) . (6.15)
By using the PSLQ algorithm again, we determined that the function J4(ε) has the expansion in
powers of ε as
J4(ε) =
16
135pi2ε2
[
1+
(
28+ 14
15 +2ψ(
1
2)
)
ε
+
(
522− 11
25 −
2
9 −
27
2
pi2 +
868
15 ψ(
1
2)+2ψ2 ( 12)
)
ε2
]
. (6.16)
The coefficients of the first two terms fit precisely to the values required for the multiplicative
renormalizability. As presented in appendix D, we checked numerically the first coefficient up
to 14 significant digits and the second up to 9 significant digits. From the expansion (6.16), we
found that a6(ε) is given by
a6(ε) =− 1384ε3
[
1+3 ·
(
2−ψ( 12)
)
ε+
( 80
9 +
11
9 pi
2 +4ψ2( 12)−16ψ( 12)
)
ε2
]
. (6.17)
Adding all pertinent contributions to Oℓ6,6, we get
a6(ε)−a2(ε)a4(ε)+ 13a
3
2(ε) =−
1
96ε +O(ε
0) . (6.18)
Contributions to the ε−3 and ε−2 terms cancel out, thus satisying the consistency of multiplica-
tive renormalizability. From (4.4) and (5.7), we finally determined the coefficient of Oℓ6,6 as
e6,6 = 128 . (6.19)
This is the value that agrees exactly with the prediction of the integrability.
Similarly, the coefficient a˜6(ε) in (6.6) arises from the diagrams in Figs. 7 and 8. As ex-
plained in appendix C, we find
a˜6(ε) =−J5(ε)46pi3
[Γ(ω−1) ]6 [Γ(2−ω) ]2 [Γ(3−2ω) ]3 Γ(13ω−16)
[Γ(2ω−2) ]2 [Γ(3ω−3)) ]3 Γ(16−12ω) , (6.20)
where the function J5(ε) is the skeleton 4-loop integral:
J5(ε) = K8(2−ω,2−ω,3−2ω,3−2ω,3−2ω, 1 , 1 , 1 ) . (6.21)
Again, utilizing the PSLQ algorithm, we computed the series expansion of J5(ε) as
J5(ε) =
16
135ε
[
1+
(
19+ 14
15 +
9
2
+ψ(1)+ψ( 12)
)
ε
+
( 177587
225 −
61
6 pi
2 +
733
15 [ψ(1)+ψ(
1
2)]+ [ψ(1)+ψ( 12) ]
2
) ε2
2
+ · · ·
]
.(6.22)
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We confirmed that the first two coefficients are the values required by the multiplicative renor-
malizability. See appendix D. We then obtained the coefficient a˜6(ε) in ε expansion as
a˜6(ε) =− 1192ε3
[
1+
( 9
2
−3ψ( 12)
)
ε+
( 11
8 pi
2 +
9
2
ψ2( 12)−
27
2
ψ( 12)
)
ε2 + · · ·
]
. (6.23)
From this, we find the pertinent contribution to O˜ℓ6,6 as
a˜6(ε)−a2(ε)a4(ε)+ 16a
3
2(ε) = 0 ·
1
ε
+O(ε0) . (6.24)
Again the coefficients of ε−3 and ε−2 are vanishing, which is the requirement of the renormal-
izability. From (4.4) and (5.12), we finally find that
κ6 = 0 . (6.25)
As such, we conclude the operator O˜6,6, even though the integrability and the excitation sym-
metry allow it to be present, does not contribute to the 6-loop dilatation operator. Curiously,
this parallels exactly to the structure of the dilatation operator in N = 4 super Yang-Mills the-
ory [8] — in both theories, the maximally-ranged interactions are governed by a single spin
chain operator.
Summarizing, we determined uniquely the operator contents and the recursive structure of
the 6-loop dilatation operator given by
H6 = 128 ∑
ℓ
O
ℓ
6,6 + · · · , (6.26)
where the ellipses denotes shorter-ranged terms we omitted.
7 Remarks on ABJ Theory
Up to this point, we focused, among the N = 6 Chern-Simons theory, on the ABJM theory.
This theory has the gauge group U(N)×U(N), the Chern-Simons coefficients +k,−k and is
invariant under parity. Notice that the parity is generalized to interchange the two gauge groups
and hence all matter fields and their conjugates.
We can extend straightforwardly our considerations to the ABJ theory, which has the gauge
group U(M)×U(N), the Chern-Simons coefficients +k,−k but with N < M < N + k. This
theory then breaks the generalized parity. As explained in [25] and recapitulated in section 2,
the integrability and the Yang-Baxter equations therein implied that the dilatation operator is in
general parity non-conserving. Nevertheless, explicit computations in [25, 35] showed that the
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dilation operator sustains to be parity conserving. At 6-loop order and beyond, as there begins
to arise two types of spin chain operators in the dilatation operator, it becomes interesting if
they source a room for parity (non)conservation beginning at this order.
From the Feynman diagrammatics, however, it is evident that all the changes in 6-loop
diagrams of the ABJ theory compared to those in the ABJM theory is rather trivial; one just
replaces the ’t Hooft coupling-squared λ2 of the ABJM theory by the product of two ’t Hooft
couplings λλ of the ABJ theory. The nullification result κ6 = 0 in (6.25) of the ABJM theory
was not sensitive to the ‘t Hooft coupling as its dependence is an overall weighting factor. In
the ABJ theory, by repeating the color factor counting in the Feynman diagrams, we find that
all the contributing diagrams have the common dependence on M and N. Therefore, κ6 = 0 in
the ABJ theory as well, viz. there arises a unique spin chain operator to the six-loop dilatation
operator. This then eliminates the possibility that, within maximal ranged interactions, parity
non-conserving effect arises at six loops and beyond.
On the other hand, we suspect that the effect of parity non-conservation may show up at
planar limit in some of the higher conserved charges Qn,Q n (n ≥ 3). With indications from
recent results of [31], we also expect that parity non-conserving effects will also arise from
non-planar corrections. Given that there is no known examples of parity non-conserving yet
integrable system, further understanding on this issue would be very rewarding.
8 Conclusions
In this paper, we studied the dilatation operator of N = 6 Chern-Simons theory, paying attention
to two pertinent issues that begins to arise from six loops and beyond: magnon spectrum and
operator contents of the dilatation operator viewed as a spin chain Hamiltonian. The integrabil-
ity together with the excitation symmetry plus the 2-loop results led to the unique prediction for
the maximal shuffling terms to all orders.
We computed the maximal shuffling terms in the dilatation operator. We found that the
coefficients of this term, which arise from so-called homogeneous diagrams, agree with the
prediction of the integrability and the recursive property. We thus found that the situation of
maximal shuffling interactions is exactly parallel to the situation in N = 4 super-Yang-Mills
theory. Despite the parallel, we also argued that the N = 6 Chern-Simons theory is signifi-
cantly different from the N = 4 super Yang-Mills theory since there separately exist so-called
inhomogeneous diagrams. These diagrams do not generate maximal shuffling terms but are still
maximally-ranged. We showed that the inhomogeneous diagrams are not recursive and appears
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to depend on the choice of infrared regularization.
To handle these difficulties, we adopted ab initio method of extracting the dilatation oper-
ator from two-point correlation functions of single-trace composite operator. In dual Type IIA
string theory, this amounts to deriving time-evolution Hamiltonian of a single free string. The
method was particularly convenient for extracting not only the spectrum but also the operator
contents of the dilatation operator. By explicit computations, we determined the maximally-
ranged interactions of the dilatation operator up to 6-loop order. We were able to compute
pertinent Feynman diagrams by utilizing the remarkable integer-relation algorithm PSLQ. We
found that, though details of Feynman diagrams contributing to the dilatation operator are very
different, the operator contents and the recursive coefficients of the maximal-ranged interaction
is identical to the dilatation operator in the N = 4 super-Yang-Mills theory. This result is of
course consistent with the integrability, which we consider as a highly nontrivial test for the
N = 6 ABJM theory.
We pointed out that extension of the results to the parity non-conserving N = 6 ABJ theory
is rather trivial, at least for the maximally-ranged interactions. One just replaces the ’t Hooft
coupling squared λ2 of the N = 6 ABJM theory by product of the two ’t Hooft couplings λλ of
the N = 6 ABJ theory. The resulting dilatation operator remains to be parity conserving.
In the above test, we assume that the pseudo-momentum coincides with the lattice momen-
tum in the operator space. This assumption can be further tested computing the next-maximal
shuffling coefficient e6,4, which is predicted as e6,4 =−32h2.
Recently, the coefficient h2 was computed in [36]. Given that Ward identity was not verified
to the order the computation is based on, the result of [36] needs to be checked independently. In
particular, there is no first-principle understanding of its origin. One promising approach of the
independent check would be the following. In Ref. [35], it was noted that h(λ) should also be
present as a renormalization factor in the central charges of the off-shell [psu(2|2)⊕ psu(2|2)]⋉
R2,1 superalgebra. Any further understanding of this function h(λ) such as renormalization of
the central charges would be extremely interesting.
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A Comparative calculation of inhomogeneous diagram
Below, for comparison with two-point function method, we shall illustrate a comparative calcu-
lation of a sample inhomogeneous diagram in operator-mixing method. Consider the inhomo-
geneous diagram in Fig. 3. The diagram has three skeleton vertices but, by reflection symmetry
of the diagram, there are only two independent skeleton vertices. To control potential infrared
divergences, it is necessary to inject nonzero momentum to the operator judiciously diagram by
diagram. Here, consider injecting q at the top or bottom skeleton vertex. This is what we did for
the homogeneous diagrams and found to yield an infrared finite result. For the skeleton 2-loop,
which is actually elementary 6-loop, we find the contribution
Bbare2 = (−(2pi)2)3(−4)3C23G(1+ ε,1)G(3−ω+ ε,ε)
1
(4pi)2ω
1
(q2)3ε
= − 1
(4pi)3
[4pi
q2
]3ε 1
3! ε3
[ Γ(12 − ε2) ]7Γ(1+3ε)
( 12 − 32 ε)( 12 + 32 ε)( 12 − 72 ε)Γ( 12 − 72 ε)
. (A.1)
Along with lower-range diagrams A0,A1 in (3.19, 3.20), this contributes to the 6-loop part, W6,
of lnIbare (ε):
W6(ε) =
[
B2−2 · 12A0A1 +
1
3!A
3
0
]bare
·43 Oin6,6 . (A.2)
We relegate details of computation of the operator content to section 6 and focus on the coeffi-
cient of Oin6,6. By multiplicative renormalizability, the leading singularity of W6 must begin at
order of O(ε−1), viz. limε→0 ε ln Ibare (ε) must be finite. For this diagram, we found
W6(ε) =
[
− 1
16 ε
−3− 25+9ψ(1)
48
ε−2 +O(ε−1)
]
·43 Oin6,6 . (A.3)
Alternatively, we may opt to inject momentum q at the middle skeleton vertex. In this case,
we find
B
′bare
2 = (−(2pi)2)3(−4)3C23G(1+ ε,1)G(2+ ε−ω,1+ ε)
1
(4pi)2ω
1
(q2)3ε
=
1
(4pi)3
[4pi
q2
]3ε 1
3 ε3
[ Γ(12 − ε2) ]7Γ(1+3ε)
( 12 − 32 ε)2( 12 − 72 ε) Γ( 12 − 72 ε)
. (A.4)
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Hence the 6-loop part of the logarithm becomes
W
′
6 (ε) =
[
B ′2−A0A1 +
1
6A
3
0
]bare
·43 Oin6,6
=
[
0 · ε−3+ 16 ε
−2 +O(ε−1)
]
·43 Oin6,6 . (A.5)
The Feynman diagram ought to be infrared finite once independent momenta are injected
to every external vertices. Unfortunately, the loop integral in this case is too complicated and
do not permit all-loop resummation. So, we see that in both options the problem stems from
non-analyticity as some of the injected momenta are taken to zero.
B Proof the operator identities (5.6) and (5.11)
To prove these two identities, we use the identity in (5.15) repeatedly. For (5.6), we first show
the following identity:
P17P35−P15P37 = P13P35P57 +P57P35P13−P13P57−P15−P37 + I . (B.1)
To show this, note that
P17P35−P15P37 =
(
P15P57 +P57P15−P15−P57 + I
)
P35
−P15
(
P35P57 +P57P35−P35−P57 + I
)
=−P35P13P57 +P57P35P13−P57P35−P15 +P35 +P15P57
=−P35P13P57 +P57P35P13−P57P35−P15 +P35
+
(
P13P35 +P35P13−P13−P35 + I
)
P57
= P13P35P57 +P57P35P13−P13P57−P15−P37 + I
−
(
P35P57 +P57P35−P35−P57−P37 + I
)
= P13P35P57 +P57P35P13−P13P57−P15−P37 + I , (B.2)
Here, we used (5.15) to replace P17 and P37 in the first line and the second P15 in the third line.
Next, we turn to the operator O1∼7:
−2−3
[
O123O345O567 +O567O345O123
]
= (2P13− I)(2P35− I)(2P57− I)+(2P57− I)(2P35− I)(2P13− I)
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= 8
(
P13P35P57 +P57P35P13 +P13P57−P15−P37 + I
)
+4P15 +4P37−4P35−2I
= 8
(
P17P35−P15P37
)
+4P15 +4P37−4P35−2I
= 8
[
−64O6,6 +80O4,4−22O2,2 + 14I
]
, (B.3)
which is the proof of the identity (5.6).
Finally, we turn to the identity in (5.11):
O1∼7 + O˜1∼7 =O123
(
O345O567 +O567O345
)
+
(
O345O567 +O567O345
)
O123
= 2(I−2P13 )(−8)(I−2P37 )+(−8)(I−2P37 )2(I−2P13 )
= 32
(
I−2P17
)
. (B.4)
C Derivation of a6(ε) and a˜6(ε)
The diagram in (5) involves four 1-bubble and two 2-bubble propagators in total. The corre-
sponding factors are (C2)4(C3)2. This then leads to the skeleton 4-loop diagram in Fig. 12. We
assign momentum and the w-factor to each internal line as follows; k1 and w1 = 2−ω for the
upper-right line, p− k1 − k2 and w5 = 2−ω for the middle-right line, k2 and w2 = 3−2ω for
the lower-right line, k3 − k1 and w7 = 1 for the upper-center line, k4 − k2 and w8 = 1 for the
lower-center line, k3 and w3 = 3−2ω for the upper-left line, p−k3−k4 and w6 = 2−ω for the
middle-left line, k4 and w4 = 2−ω for the lower-left line. One has then
a6(ε)(Iε)7(x2pi)9−6ω = S · 1
(4pi)4ω
· J4(ε) · (C2)4(C3)2
∫ d2ωp
(2pi)2ω
1
(p2)16−12ω
eip·x , (C.1)
where S = (−4pi2)3 is the vertex and symmetry factors.
For the Fourier transform, we used the formula,
∫ d2ω p
(2pi)2ω
1
(p2)α
eip·x =
Γ(ω−α)
4αpiωΓ(α)
1
(x2)ω−α
. (C.2)
This leads to the expression a6(ε) in (6.13).
The diagram in (7) involves two 1-bubble and three 2-bubble propagators in total. This leads
to the skeleton 4-loop diagram in Fig. 12. We assign momentum and their w-factor to each
internal line as follows; k1 and w1 = 2−ω for the upper-right line, p−k1−k2 and w5 = 3−2ω
for the middle-right line, k2 and w2 = 2−ω for the lower-right line, k3 − k1 and w7 = 1 for
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the upper-center line, k4− k2 and w8 = 1 for the lower-center line, k3 and w3 = 3−2ω for the
upper-left line, p− k3 − k4 and w6 = 1 for the middle-left line, k4 and w4 = 3− 2ω for the
lower-left line. One has then
a˜6(ε)(Iε)7(x2pi)9−6ω = S · 1
(4pi)4ω
· J5(ε) · (C2)2(C3)3
∫ d2ωp
(2pi)2ω
1
(p2)16−12ω
eip·x . (C.3)
This leads to the expression a6(ε) in (6.20).
D Evaluation of the integrals J1(ε), J4(ε) and J5(ε)
In this appendix, we evaluate the higher order terms of the two-loop integral J1(ε) and two
four-loop integrals, J4(ε) and J5(ε) in the section 6. It is difficult to find their analytic forms
in a direct manner. We first numerically evaluate the integrals and then find the corresponding
expressions consisting of transcendental numbers. There exists PSLQ algorithm[39] which is
quite useful in finding such an analytic form from numerical data. For the numerical evaluation,
we use the Mathematica packages–MB[40, 41] and AMBRE[42]. To find the corresponding
analytic expression, we use the package PSLQ.nb[43], which is a Mathematica implementation
of the PSLQ algorithm.
Since these methods are based on the Mellin-Barnes representation of Feynman integrals,
we cast the integrals into the form:
K5(w1,w2,w3,w4,w5) =
∫ dz1
2pii
∫ dz2
2pii
Γ(−z1) Γ(ω−w25− z1)Γ(ω−w1 + z1)
Γ(w1− z1) (D.1)
⊗ Γ(−z2)Γ(ω−w35− z2)Γ(ω−w4 + z2)
Γ(w4− z2)
⊗ Γ(−ω+w14− z12)Γ(−ω+w235 + z1 + z2)Γ(w5 + z12)
Γ(w2)Γ(w3)Γ(w5)Γ(w235)Γ(2ω−w235)Γ(2ω−w14 + z12) .
with w12··· = w1 +w2 + · · · and z12··· = z1+ z1 + · · ·. Direct application of these packages yields
the following result:
J1(ε) = K5(2−ω,3−2ω,2−ω,3−2ω,1) =
α−1J1
ε
[
1+α0J1ε+α
1
J2ε
2 +O(ε3)
]
, (D.2)
where we have found α−1J1 =− 23pi and α0J1 = 13+ψ( 12) as reported in [35]. The numerical value
of α1J1 is obtained as
4α1J1 = 309.7165844821997330276736227359 . . . . (D.3)
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By the PSLQ algorithm, we matched this numerical result as a linear combination of 1, pi2,
ψ( 12) and ψ2( 12) under the condition that their coefficients are rational numbers. This basis
follows from requiring that e4,4 is a rational number. This leads to the unique set of fractional
coefficients:
4α1J1 = 488−
17
2
pi2 +52ψ( 12)+2ψ2( 12) . (D.4)
Note that the number of significant digits in this numerical value is 30 and the difference be-
tween these two expression is less than 10−30. We have checked the other numbers, α−1J1 and
α0J1 to the same accuracy.
The four-loop integrals K8(w1, · · · ,w8) in (6.14) can be evaluated in a similar way. Its
Mellin-Barnes representation is given as
I8(w1, · · · ,w8) =
∫ dz1
2pii
· · ·
∫ dz8
2pii
N
D
(D.5)
where
N =
[ 8
∏
n=1
Γ(−zn)
]
Γ(w3 + z246)Γ(w7 + z235)Γ(ω/2+ z38)Γ(ω/2−w48− z1)
⊗ Γ(ω/2−w6− z1)Γ(ω−w3467− z234)Γ(ω−w3678− z256)
⊗ Γ(3ω/2−w3346778 − z1223456)Γ(3ω/2−w234678− z23457)
⊗ Γ(−2ω+w12345678 + z47)Γ(3ω/2−w2345678 − z23468)
⊗ Γ(2ω−w12345678 − z3478)Γ(−3ω/2+w2345678 + z23478)
⊗ Γ(−ω+w234678 + z2345678)Γ(−ω+w34678 + z123456) (D.6)
and
D = Γ(w3)Γ(w5)Γ(w6)Γ(w7)Γ(w8)Γ(ω−w468)Γ(w5− z5)Γ(−z38)
⊗ Γ(3ω/2−w34678− z1)Γ(2ω−w2345678 − z234)
⊗ Γ(2ω−w33466778 − z223456)Γ(−ω+w234678 + z23456)
⊗ Γ(5ω/2−w12345678 − z47)Γ(−3ω/2+w12345678 + z3478) . (D.7)
The J4(ε) and J5(ε), respectively, in (6.16) and (6.21) are defined with help of K8. By
numerical computations, we find that J4(ε) has the expansion,
J4(ε) =
0.012008436579832 . . .
ε2
[
1+(50.0126265 . . .) ε
2
+(360.321 . . .)ε2
]
. (D.8)
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By the PSLQ algorithm, this can be converted to the following expression
J4(ε) =
16
135pi2
1
ε2
[
1+
( 434
15 +2ψ(
1
2)
)
ε
+
( 117301
225 −
67
12
pi2 +
868
15 ψ(
1
2)+2ψ2( 12)
)
ε2
]
. (D.9)
The first two numbers can be calculated analytically from the requirement of the multiplicative
renormalizability. These agree with the numerical values computed as above. In the last number,
the coefficients of pi2, ψ( 12) and ψ2( 12) can be fixed by the assumption that e6,6 is a fractional
number. Then the remaining fraction agrees with the numerical value to six significant digits.
The last integral J5(ε) is found to be
J5(ε) =
0.11851851851 . . .
ε
[
1+(21.8926 . . .)ε+(571.233 . . .) ε
2
2
]
. (D.10)
This is equivalent to the following expression:
J5(ε) =
16
135ε
[
1+
( 733
30
+ψ(1)+ψ( 12)
)
ε
+
( 177587
225 −
61
6 pi
2 +
733
15 [ψ(1)+ψ(
1
2)]+ [ψ(1)+ψ( 12) ]
2
) ε2
2
]
. (D.11)
We again checked the first two numbers from the renormalization of the underlying field theory.
The last number is again determined in an analogous manner to (D.9) and agrees with the
numerical value up to six significant digits.
References
[1] J. M. Maldacena, The large N limit of superconformal field theories and supergrav-
ity, Adv. Theor. Math. Phys. 2 (1998) 231 [Int. J. Theor. Phys. 38 (1999) 1113]
[arXiv:hep-th/9711200].
[2] J. A. Minahan and K. Zarembo, The Bethe-ansatz for N = 4 super Yang-Mills, JHEP
0303 (2003) 013 [arXiv:hep-th/0212208].
[3] D. J. Gross, A. Mikhailov and R. Roiban, Operators with large R charge in N = 4 Yang-
Mills theory, Annals Phys. 301, 31 (2002) [arXiv:hep-th/0205066].
[4] N. Beisert, C. Kristjansen and M. Staudacher, The dilatation operator of N = 4 super
Yang-Mills theory, Nucl. Phys. B 664 (2003) 131 [arXiv:hep-th/0303060].
34
[5] I. Bena, J. Polchinski and R. Roiban, Hidden symmetries of the AdS(5)×S5 superstring,
Phys. Rev. D 69 (2004) 046002 [arXiv:hep-th/0305116].
[6] N. Beisert and M. Staudacher, The N = 4 SYM integrable super spin chain, Nucl. Phys.
B 670 (2003) 439 [arXiv:hep-th/0307042].
[7] N. Beisert, The su(2|3) dynamic spin chain, Nucl. Phys. B 682, 487 (2004)
[arXiv:hep-th/0310252].
[8] D. Serban and M. Staudacher, Planar N = 4 gauge theory and the Inozemtsev long range
spin chain, JHEP 0406 (2004) 001 [arXiv:hep-th/0401057].
[9] B. Eden, C. Jarczak and E. Sokatchev, A three-loop test of the dilatation operator in N =
4 SYM, Nucl. Phys. B 712, 157 (2005) [arXiv:hep-th/0409009].
[10] M. Staudacher, The factorized S-matrix of CFT/AdS, JHEP 0505 (2005) 054
[arXiv:hep-th/0412188].
[11] N. Beisert and M. Staudacher, Long-range PSU(2,2|4) Bethe ansaetze for gauge theory
and strings, Nucl. Phys. B 727 (2005) 1 [arXiv:hep-th/0504190].
[12] A. Rej, D. Serban and M. Staudacher, Planar N = 4 gauge theory and the Hubbard model,
JHEP 0603 (2006) 018 [arXiv:hep-th/0512077].
[13] N. Beisert, R. Hernandez and E. Lopez, A crossing-symmetric phase for AdS(5)× S5
strings, JHEP 0611, 070 (2006) [arXiv:hep-th/0609044]; N. Beisert, B. Eden and
M. Staudacher, Transcendentality and crossing, J. Stat. Mech. 0701, P021 (2007)
[arXiv:hep-th/0610251].
[14] G. Arutyunov, S. Frolov and M. Zamaklar, The Zamolodchikov-Faddeev algebra for
AdS(5)×S5 superstring, JHEP 0704, 002 (2007) [arXiv:hep-th/0612229].
[15] N. Beisert, The su(2|2) dynamic S-matrix, Adv. Theor. Math. Phys. 12, 945 (2008)
[arXiv:hep-th/0511082].
[16] N. Beisert, The Analytic Bethe Ansatz for a Chain with Centrally Extended su(2|2) Sym-
metry, J. Stat. Mech. 0701 (2007) P017 [arXiv:nlin/0610017].
[17] D. M. Hofman and J. M. Maldacena, Giant magnons, J. Phys. A 39 (2006) 13095
[arXiv:hep-th/0604135].
35
[18] O. Aharony, O. Bergman, D. L. Jafferis and J. Maldacena, N=6 superconformal Chern-
Simons-matter theories, M2-branes and their gravity duals, JHEP 0810, 091 (2008)
[arXiv:0806.1218 [hep-th]].
[19] O. Aharony, O. Bergman and D. L. Jafferis, Fractional M2-branes, JHEP 0811, 043
(2008) [arXiv:0807.4924 [hep-th]].
[20] G. Arutyunov and S. Frolov, Superstrings on AdS4×CP3 as a Coset Sigma-model, JHEP
0809, 129 (2008) [arXiv:0806.4940 [hep-th]]
B. j. Stefanski, Green-Schwarz action for Type IIA strings on AdS4×CP3, Nucl. Phys.
B 808, 80 (2009) [arXiv:0806.4948 [hep-th]]
N. Gromov and P. Vieira, The AdS4/CFT3 algebraic curve, JHEP 0902 (2009) 040
[arXiv:0807.0437 [hep-th]]
J. Gomis, D. Sorokin and L. Wulff, The complete AdS4 ×CP3 superspace for the type
IIA superstring and D-branes, JHEP 0903 (2009) 015 [arXiv:0811.1566 [hep-th]].
[21] J. A. Minahan and K. Zarembo, The Bethe ansatz for superconformal Chern-Simons,
JHEP 0809, 040 (2008) [arXiv:0806.3951 [hep-th]].
[22] D. Bak and S. J. Rey, Integrable Spin Chain in Superconformal Chern-Simons Theory,
JHEP 0810, 053 (2008) [arXiv:0807.2063 [hep-th]].
[23] N. Gromov and P. Vieira, The all loop AdS4/CFT3 Bethe ansatz, JHEP 0901 (2009) 016
[arXiv:0807.0777 [hep-th]]:
C. Ahn and R. I. Nepomechie, N=6 super Chern-Simons theory S-matrix and all-loop
Bethe ansatz equations, JHEP 0809, 010 (2008) [arXiv:0807.1924 [hep-th]]:
P. Sundin, The AdS4×CP3 string and its Bethe equations in the near plane wave limit,
JHEP 0902, 046 (2009) [arXiv:0811.2775 [hep-th]].
[24] D. Gaiotto, S. Giombi and X. Yin, Spin Chains in N=6 Superconformal Chern-Simons-
Matter Theory, JHEP 0904, 066 (2009) [arXiv:0806.4589 [hep-th]]
G. Grignani, T. Harmark and M. Orselli, The SU(2) x SU(2) sector in the string
dual of N=6 superconformal Chern-Simons theory, Nucl. Phys. B 810, 115 (2009)
[arXiv:0806.4959 [hep-th]].
[25] D. Bak, D. Gang and S. J. Rey, Integrable Spin Chain of Superconformal U(M)xU(N)
Chern-Simons Theory, JHEP 0810, 038 (2008) [arXiv:0808.0170 [hep-th]].
36
[26] G. Papathanasiou and M. Spradlin, The Morphology of N=6 Chern-Simons Theory,
JHEP 0907, 036 (2009) [arXiv:0903.2548 [hep-th]].
[27] B. I. Zwiebel, Two-loop Integrability of Planar N=6 Superconformal Chern-Simons The-
ory, arXiv:0901.0411 [hep-th]
J. A. Minahan, W. Schulgin and K. Zarembo, Two loop integrability for Chern-Simons
theories with N=6 supersymmetry, JHEP 0903, 057 (2009) [arXiv:0901.1142 [hep-th]]
C. Ahn and R. I. Nepomechie, Two-loop test of the N=6 Chern-Simons theory S-matrix,
arXiv:0901.3334 [hep-th].
[28] T. Nishioka and T. Takayanagi, On Type IIA Penrose Limit and N=6 Chern-Simons The-
ories, JHEP 0808 (2008) 001 [arXiv:0806.3391 [hep-th]]
D. Astolfi, V. G. M. Puletti, G. Grignani, T. Harmark and M. Orselli, Finite-size correc-
tions in the SU(2) x SU(2) sector of type IIA string theory on AdS4 x CP3, Nucl. Phys.
B 810, 150 (2009) [arXiv:0807.1527 [hep-th]].
[29] C. Kristjansen, M. Orselli and K. Zoubos, Non-planar ABJM Theory and Integrability,
JHEP 0903 (2009) 037 [arXiv:0811.2150 [hep-th]].
[30] T. McLoughlin and R. Roiban, Spinning strings at one-loop in AdS4 ×P3, JHEP 0812
(2008) 101 [arXiv:0807.3965 [hep-th]]
L. F. Alday, G. Arutyunov and D. Bykov, Semiclassical Quantization of Spinning Strings
in AdS4×CP3, JHEP 0811 (2008) 089 [arXiv:0807.4400 [hep-th]]
C. Krishnan, AdS4/CFT3 at One Loop, JHEP 0809 (2008) 092 [arXiv:0807.4561 [hep-
th]]
T. McLoughlin, R. Roiban and A. A. Tseytlin, Quantum spinning strings in AdS4×CP3:
testing the Bethe Ansatz proposal, JHEP 0811 (2008) 069 [arXiv:0809.4038 [hep-th]].
[31] P. Caputa, C. Kristjansen and K. Zoubos, Non-planar ABJ Theory and Parity, Phys. Lett.
B 677 (2009) 197 [arXiv:0903.3354 [hep-th]].
[32] K. Zarembo, Worldsheet spectrum in AdS(4)/CFT(3) correspondence, arXiv:0903.1747
[hep-th].
[33] G. Grignani, T. Harmark, M. Orselli and G. W. Semenoff, Finite size Giant Magnons
in the string dual of N=6 superconformal Chern-Simons theory, JHEP 0812, 008 (2008)
[arXiv:0807.0205 [hep-th]]
37
I. Shenderovich, “Giant magnons in AdS4/CFT3: dispersion, quantization and finite–
size corrections,” arXiv:0807.2861 [hep-th]
R. Suzuki, “Giant Magnons on CP3 by Dressing Method,” JHEP 0905, 079 (2009)
[arXiv:0902.3368 [hep-th]]
M. C. Abbott, I. Aniceto and O. O. Sax, Dyonic Giant Magnons in CP3: Strings and
Curves at Finite J, Phys. Rev. D 80, 026005 (2009) [arXiv:0903.3365 [hep-th]]
Y. Hatsuda and H. Tanaka, Scattering of Giant Magnons in CP3, arXiv:0910.5315 [hep-
th].
[34] N. Beisert, T. McLoughlin and R. Roiban, The Four-Loop Dressing Phase of N=4 SYM,
Phys. Rev. D 76 (2007) 046002 [arXiv:0705.0321 [hep-th]].
[35] D. Bak, H. Min and S. J. Rey, Generalized Dynamical Spin Chain and 4-Loop Integra-
bility in N=6 Superconformal Chern-Simons Theory, arXiv:0904.4677 [hep-th].
[36] J. A. Minahan, O. O. Sax and C. Sieg, Magnon dispersion to four loops in the ABJM and
ABJ models, arXiv:0908.2463 [hep-th].
[37] C. Ahn, P. Dorey and R. I. Nepomechie, On the absence of reflection in AdS4/CFT3,
arXiv:0910.5584 [hep-th].
[38] V. I. Inozemtsev, Integrable Heisenberg-van Vleck chains with variable range exchange,
Phys. Part. Nucl. 34, 166 (2003) [Fiz. Elem. Chast. Atom. Yadra 34, 332 (2003)]
[arXiv:hep-th/0201001].
[39] H. R. P. Ferguson, D. H. Bailey and S. Arno, Analysis of PSLQ, An Integer Relation
Finding Algorithm Math. Comput. 68, 351 (1999)
[40] M. Czakon, Automatized analytic continuation of Mellin-Barnes integrals, Comput.
Phys. Commun. 175, 559 (2006) [arXiv:hep-ph/0511200].
[41] A. V. Smirnov and V. A. Smirnov, On the Resolution of Singularities of Multiple Mellin-
Barnes Integrals, arXiv:0901.0386 [hep-ph].
[42] J. Gluza, K. Kajda and T. Riemann, AMBRE - a Mathematica package for the construc-
tion of Mellin-Barnes representations for Feynman integrals, Comput. Phys. Commun.
177, 879 (2007) [arXiv:0704.2423 [hep-ph]].
[43] P. Bertok, PSLQ Integer Relation Algorithm Implementation,
http://library.wolfram.com/infocenter/MathSource/4263
38
